Angle-resolved spectral analysis of a multioctave highenergy supercontinuum output of mid-infrared laser filaments is shown to provide a powerful tool for understanding intricate physical scenarios behind laser-induced filamentation in the mid-infrared. The ellipticity of the mid-infrared driver beam breaks the axial symmetry of filamentation dynamics, offering a probe for a truly (3 1)dimensional spatiotemporal evolution of mid-IR pulses in the filamentation regime. With optical harmonics up to the 15th order contributing to supercontinuum generation in such filaments alongside Kerr-type and ionization-induced nonlinearities, the output supercontinuum spectra span over five octaves from the mid-ultraviolet deep into the mid-infrared. Full (3 1)-dimensional field evolution analysis is needed for an adequate understanding of this regime of laser filamentation. Supercomputer simulations implementing such analysis articulate the critical importance of angle-resolved measurements for both descriptive and predictive power of filamentation modeling. Strong enhancement of ionization-induced blueshift is shown to offer new approaches in filamentation-assisted pulse compression, enabling the generation of high-power few-and single-cycle pulses in the mid-infrared.
Angle-resolved spectral analysis of a multioctave highenergy supercontinuum output of mid-infrared laser filaments is shown to provide a powerful tool for understanding intricate physical scenarios behind laser-induced filamentation in the mid-infrared. The ellipticity of the mid-infrared driver beam breaks the axial symmetry of filamentation dynamics, offering a probe for a truly (3 1)dimensional spatiotemporal evolution of mid-IR pulses in the filamentation regime. With optical harmonics up to the 15th order contributing to supercontinuum generation in such filaments alongside Kerr-type and ionization-induced nonlinearities, the output supercontinuum spectra span over five octaves from the mid-ultraviolet deep into the mid-infrared. Full (3 1)-dimensional field evolution analysis is needed for an adequate understanding of this regime of laser filamentation. Supercomputer simulations implementing such analysis articulate the critical importance of angle-resolved measurements for both descriptive and predictive power of filamentation modeling. Strong enhancement of ionization-induced blueshift is shown to offer new approaches in filamentation-assisted pulse compression, enabling the generation of high-power few-and single-cycle pulses in the mid-infrared. © Laser-induced filamentation [1] [2] [3] remains one of the hot topics in ultrafast optical physics, continuing to attract much attention as an intriguing manifestation of nonlinear wave dynamics [2, 3] and finding growing applications as a pulsecompression technology for high-peak-power optical fields [4, 5] , a method of high-energy beam delivery and highbrightness supercontinuum generation [6] , as well as a promising approach for the remote sensing of the atmosphere [7] . Recent experimental studies [8] [9] [10] [11] demonstrate that optical technologies based on laser filamentation can be advantageously extended to the mid-infrared. Filamentation of ultrashort mid-IR pulses offers a powerful source of high-energy multioctave, mid-ultraviolet-to-mid-infrared supercontinua [8] [9] [10] , enables efficient compression of high-power pulses in the mid-IR [11] , helps increase the energy of laser pulses transmitted through the atmospheric air [9] , and opens new horizons in standoff detection and remote sensing [12] .
Laser filamentation in the mid-infrared involves a broad class of nonlinear-optical phenomena that do not show up in visible and near-infrared filaments. The most prominent examples include generation of multiple odd-order harmonics [10] and strong plasma refraction [9] , which tends to give rise to ring-shaped beam patterns, especially well-resolved toward the back of the pulse, as well as a shift in the balance between the self-focusing due to the Kerr effect and plasma-induced defocusing. With all these effects manifested in the inherently off-axial beam dynamics [9, 10] , angle-resolved studies on the supercontinuum filament output have to be included as an essential tool needed to understand laser filaments in the mid-infrared. Because such angle-resolved measurements have to be performed within a bandwidth of several octaves, stretching from the ultraviolet deep into the mid-infrared, multiple challenges need to be confronted in implementing experimental methods that would enable such studies.
Here, we address these challenges by presenting an experimental approach for angle-resolved studies on a multioctave high-energy supercontinuum output of laser filaments induced in atmospheric air by 0.25 TW, 3.9 μm driver pulses. With optical harmonics up to the 15th order contributing to supercontinuum generation alongside Kerr-type and ionizationinduced nonlinearities, the spectra of this supercontinuum radiation span over almost five octaves from the ultraviolet deep into the mid-infrared spectral range. As we demonstrate below, rewards for such angle-resolved measurements are numerous. Performed on an ultrabroadband beam, these studies reveal clearly resolved signatures of a complex off-axial beam dynamics, which is intrinsic to laser filamentation in the mid-infrared, as opposed to near-infrared filaments, thus offering important insights into an intricate and in many ways unusual spatiotemporal evolution of high-power mid-infrared pulses in the filamentation regime.
High-power ultrashort mid-IR driver pulses are delivered in our experiments by a laser system ( Fig. 1) consisting of a solidstate ytterbium laser with an amplifier, a three-stage optical parametric amplifier (OPA), a grating-prism (grism) stretcher, a Nd: YAG pump laser, a three-stage optical parametric chirped-pulse amplification (OPCPA) system, and a grating compressor for mid-IR pulses [9, 10] . The compressed-pulse idler-wave OPCPA output has a central wavelength of 3.9 μm, a pulse width of 80 fs, and an energy up to 30 mJ. Spectral measurements in the mid-IR range are performed with a homebuilt spectrometer consisting of a scanning monochromator and a thermoelectrically cooled HgCdTe detector ( Fig. 1 ). For the spectral measurements in the ultraviolet, visible, and near-IR ranges, OceanOptics HR4000 and NIRQuest spectrometers were employed. Temporal envelopes and phases of mid-IR pulses are characterized using frequency-resolved optical gating based on second-harmonic generation in a 0.5 mm thick AgGaS 2 crystal. A typical spectrum of the 3.9 μm OPCPA output is shown by gray shading in Fig. 2(a) .
The mid-IR OPCPA output beam has a shape of a 3 cm by 2 cm ellipse, which breaks the axial symmetry of filamentation [Figs. 2(b)-2(e)], providing a probe for a truly (3 1)-dimensional 3 1 − d spatiotemporal evolution of mid-infrared pulses in the filamentation regime. This beam is focused by a 0.5 m focal-length CaF 2 lens to induce a filament in the atmosphere, visualized by a bright spark and is accompanied by a generation of broadband, white-light radiation, whose spectrum continuously spans over at least 4.7 octaves, stretching from 250 to 6500 nm [ Fig. 2(a) ]. The high-frequency part of the supercontinuum is drastically enhanced by odd-order harmonics of the driver. Odd harmonics up to the 15th order are clearly seen in supercontinuum spectra in Fig. 2 (a) as spectrally broadened, still well-resolved peaks near the frequencies 2m 1ω 0 , where m is an integer and ω 0 is the central frequency of the mid-infrared driver.
The angle-resolved spectral analysis of the supercontinuum output of mid-infrared filaments in our experiments was performed by measuring supercontinuum spectra behind an 0.8 mm pinhole, which was scanned in the direction orthogonal to the beam axis ( Fig. 1 ). Angle-resolved spectral measurements reveal a complex, nonuniform distribution of spectral components over the supercontinuum beam [ Fig. 3(a) ]. As one of the most striking tendencies, the off-axial spectra display a strong blueshift relative to their on-axis counterparts. The mid-IR part of the spectrum is dominated by an intense feature that represents the broadened spectrum of the driver. Off the beam axis, this part of the spectrum is blue-shifted all the way up to 1.5 μm [ Fig. 3(a) ]. The off-axial harmonic signals are also seen to be systematically blueshifted relative to their on-axis counterparts.
Because of the beam ellipticity of the mid-infrared driver in our experiments, simplified models of laser filamentation based on the assumption of an axially symmetric beam dynamics, become inapplicable, requiring full 3 1 − d field evolution analysis. To address this problem, we use a model of laser filamentation based on the 3D time-dependent generalized nonlinear Schrödinger equation (GNSE) for the amplitude of the field, which is referred to hereinafter as the 3 1 − d GNSE model:
Here, A ≡ At; x; y; z is the field envelope,Ã ≡ Aω; x; y; z is its Fourier transform, Δ⊥ ∂ 2 ∕∂x 2 ∂ 2 ∕∂y 2 ; x; y are the transverse coordinates, z is the coordinate along the propagation axis, t is the retarded time, ω 2πc∕λ is the radiation frequency, λ is the wavelength,F is the Fourier transform operator,D kω − kω 0 − ∂k∕∂ωj ωo ω − ω 0 ; ω 0 is the central frequency, kω ωnω∕c; nω is the refractive index, n 0 nω 0 , n 2 and n 4 are the Kerr nonlinearity coefficients, χ 3 is the nonlinear susceptibility responsible for four-wave mixing,T 1 iω −1 0 ∂∕∂t; ρ ≡ ρt; x; y; z is the electron density, ρ 0 is the neutral gas density, ρ c ω 2 0 m e ϵ 0 ∕e 2 is the critical electron density, U i U 0 U osc , U i is the ionization potential, U osc is the energy of fieldinduced electron oscillations, W I is the photoionization rate, σω is the impact ionization cross section, and e and m e are the electron charge and mass, respectively. This model includes all the key physical effects involved in laser filamentation, such as dispersion and absorption, beam diffraction, Kerr nonlinearities, pulse self-steepening, spatial self-action phenomena, as well as ionization-induced loss, dispersion, and optical nonlinearities. The field evolution equation in this model is solved jointly with the rate equation for the electron density, ∂ρ∕∂t W ρ − ρ 0 σω 0 U −1 i ρI , which includes both photoionization and impact ionization, with the photoionization rate W calculated using the Keldysh formalism [13] .
The need to include optical harmonics of the mid-IR driver up to the 15th order further increases the computational complexity of 3 1 − d GNSE simulations. A typical 3 1 − d grid needed to provide an adequate accuracy and robustness of numerical simulations includes a total of 4096 × 512 × 512 × 10 4 grid points along t, x, y, and z, translating into an overall complexity of the problem on the order of 0.5-1.0 exaflop. To run such simulations, we employed an MPI parallel programming interface and the CUDA graphical architecture on the supercomputer clusters at Moscow State University.
With a standard set of constants for the dispersion, nonlinearity, and ionization for the atmospheric air [2, 3, 11] , numerical simulations accurately reproduce the angle-resolved supercontinuum spectra [cf. Figs. 3(a) and 3(b) ], the supercontinuum beam profiles [Figs. 2(b)-2(i)], as well as on-axis supercontinuum spectra [ Fig. 2(a) ] within a spectral range of about five octaves. The filament length for our experimental conditions (≈3 cm) is ≈25 times longer than the Rayleigh length. Much longer filament lengths were achieved with looser beam focusing [9] . In Figs. 3(a) and 3(b) , we compare experimental and simulated angle-resolved spectra of the supercontinuum output of the filament. Optical harmonics generated in the filament are labeled by numbers from 3 to 11, standing for the harmonic order. The off-axial components of the driver and harmonics experience strong ionization-induced blueshift. For these components, a letter "b" is added to their numbers, with mb, indicating the blueshifted component of the mth-order harmonic. The blueshifted off-axial components generated by the mid-infrared driver are labeled as 1b. Our by a transient electron-density gradient induced by the leading edge of the pulse (typically, about 80% of electron density is due to photoionization, with the remaining part induced by impact ionization). Strong interaction of this part of the beam with the plasma created by the leading edge of the pulse induces a dramatic blueshift, giving rise to intense conical features clearly seen in Fig. 4(e) . This off-axial beam dynamics is distinctly different from conical wave emission and related x-wave dynamics, caused by parametric wave mixing in near-IR filaments [3] . In the mid-IR range, beam dynamics of this type are entirely due to ionization [Figs. 4(b)-4(d)]. It is never observed when ionization effects are switched off in simulations. Because of a relatively short focal length, shock-wave effects, which tend to become prominent within much longer propagation paths [14, 15] , do not play any noticeable role in our filamentation geometry. Moreover, because of plasma effects, self-steepening was observed in our beam geometry in the leading rather than in the trailing edge of the pulse, which would have been typical of shock-wave-dominated pulse evolution.
In the long-wavelength part of the spectrum, these features stretch from the central wavelength of the driver in the mid-IR all the way up to 1.5 μm Fig. 3(a) ]. While reliable spectral measurements for wavelengths longer than 6.5 μm were not possible in our experiments, simulations, as can be seen in Figs. 2(a) and 4(e), suggest that the mid-IR wing of the supercontinuum spectrum extends well beyond 6.5 μm, even though it is modulated and attenuated by water absorption, yielding an overall supercontinuum bandwidth well above five octaves.
Enhanced blueshifting observed in mid-IR filaments open new avenues for the compression of high-peak power laser pulses, strengthening motivation for filamentation-based pulse compression in the mid-IR [17, 18] . As can be seen from simulations presented in Figs. 4(f )-4(h), efficient pulse compression is possible within individual spectral bands filtered out of the supercontinuum output [as shown by dashed contours in Fig. 4(e) ] through a simple compensation of the linear part of their chirp [Figs. 4(f ) and 4(g)]. Due to the enhanced blueshift, compression to few-and single-cycle pulse widths can be achieved in the long-wavelength part of the supercontinuum spectrum through partial chirp compensation within a few millimeters of an anomalously dispersive material. In Fig. 4(h) , we illustrate pulse compression of the 1.5-4.2 μm band of the supercontinuum filament output [filtered as shown in Fig. 4(e) ] through partial chirp compensation in 3 mm of BaF 2 , yielding a 27 fs pulse width, corresponding to 2.7 field cycles at λ ≈ 3.0 μm.
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